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How do we make sense

of this infinite sum?



Idea : consider sums
but we takeI Lenger and larger
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In analytic language : lim() =1



-How to define reals ?

We use the trick

Instead of constructing R

we list its properties :
A
o

Q CIR

2. R is an ORDERED FIELD

3.R satisfies "the INFIMUM AXIOM"



R is a FIELD :

We can do with metic operations :
& Add multiply ,

substract
,
divide

I

by non-zero
number

· With usual properties :
commutativity

x +y = y+ X
, xoy = y - X

distributivity X (y + z) = xoy + x0z



Exemplee. In T we add
, multiply

and substract

But we can not divide !

O I does not have substraction,

2.- 5 is not a natural

number

X . (y + z) = Xoy + x + z
X - y = yoX



·

Example from Itnear

algebra :

Matzn = (e) /
↓

E
A
,
B they have multiplication
BUT A.BFBoA.



R is ordered :

For
any X . Y - R we have

either X = y or yeX or y=X

And we want that

Xey iff x+c y + )

Xey
,
so then Xoc eyo



Example : o O is an ordered field

· I field of complex numbers
is not ordered,

+ y. X
, y EIR

-
R2= I



Infimumaxiom (x/XER
, xo]
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For
any

SsR
> o

there exists a LARGEST 1eR

In the set

[x + M/x > s for any soS]
&

S

---
... (



Example
-

· S = Th then

[x = R)X = s for
any 3Se ↳

is empty:
For

evey
x there exists nex

rX

-
-> an-3



Example
the

Q do not satisfy
-

infinum exion :

S = 2x I xQsQ
X > 2 Y

I
X) 0

X & st X is

smallerthan

any
se S

.

->

⑮ But the largest such
number isQ



S = <x/QY
X) 0

for
any

rational number y sit
.

Y < S forany
so S

there exists a rational number

Y "St . Y'CS for any soS and
Y's Y .



Instead of constructing R

we list its properties :
1
.

Q CIR

2. R is an ORDERED FIELD

3.R satisfies "the INFIMUM AXIOM"

Theorem
-

The set of REAL Numbers

exists and is unique.


